This paper is devoted to the construction of unstable D-brane action in torsional Newton-Cartan background through T-duality along null direction. We determine corresponding equations of motion and analyze their solution that corresponds to lower dimensional non-relativistic D(p-1)-brane. We also find Hamiltonian for unstable Dp-brane and study tachyon vacuum solutions that can be interpreted as gas of non-relativistic strings.
non-relativistic Dp-brane in torsional NC background and we studied its properties. Explicitly, we derived its Hamiltonian form and we also analyzed how its transforms under T-duality along spatial direction.
In this paper we would like to extend this analysis to the case of unstable D-branes which are objects known from relativistic string theories and where they have very important place 2 . Relativistic unstable D-brane is characterized by presence of the tachyon field T with the potential V (T ) that is even function of T and that has global minimum for T min = ±∞ where V (T min ) = 0 where unstable D-brane disappears while local unstable maximum at T max = 0, V (T max ) = 1. Further, this D-brane breaks target space supersymmetry completely. These objects are described by non-BPS D-brane effective actions [25, 26, 27] . This action will be the starting point for the definition of unstable D-brane in torsional NC background when we closely follow analysis performed in [14] . Explicitly, we consider unstable D(p+1)-brane in the background with the null isometry in the form that was suggested in [12] and perform double dimensional reduction along null direction. We obtain an action for unstable Dp-brane in torsional NC background and we study its property. Explicitly, we focus on equations of motion and their solution in the form of the tachyon kink. It was shown in very nice paper [28] in the context of non-BPS Dirac-Born-Infeld (DBI) action that fluctuations around tachyon kink solution obey the equations of motion that can be derived an action for codimension one stable D-brane. Following the same analysis in case of the non-relativistic unstable Dp-brane we obtain that the tachyon condensation again leads to the lower dimensional non-relativistic D(p-1)-brane in torsional NC background. This fact can be considered as nice consistency check of the theory.
As the next step we would like to answer the question of the behaviour of nonrelativistic unstable Dp-brane at the tachyon vacuum T min = ∞. Since the tachyon effective action is multiplied by V we see that at the tachyon vacuum this action vanishes and hence it is difficult to analyze fluctuations around its ground state. Then it was shown in [29, 30] that more natural is to switch to Hamiltonian formalism and study canonical equations of motion at the point T min = ∞. It was shown there that the canonical equations of motion at the T = T min describe gas of fundamental strings. We study the same problem in case of non-relativistic D-brane in torsional NC background. We firstly determine Hamiltonian for unstable D-brane through the null dimensional reduction of the Hamiltonian of relativistic unstable D(p+1)-brane. Then we determine canonical equations of motion and study their properties at the tachyon vacuum. We show that the tachyon vacuum solution describes fundamental non-relativistic string in torsionful NC background.
Let us outline our results. We determined form of unstable non-relativistic Dp-brane in torsionful NC background through null dimensional reduction of relativistic unstable D(p+1)-brane. We derived equations of motions and we studied tachyon kink solution. We argued that it correspond to non-relativistic Dp-brane. We also determined Hamiltonian for this unstable Dp-brane and studied its behaviour at tachyon vacuum. We showed that corresponding equations of motion describe gas of fundamental non-relativistic strings. These results again confirm that non-relativistic unstable D-brane shares the same proper-ties with the relativistic one can be considered as a consistency check of the non-relativistic unstable D-brane action.
This paper is organized as follows. In the next section (2) we obtain an action for non-relativistic unstable D-brane in torsional NC background. In section (3) we derive equations of motion and analyze their solutions in the form of the tachyon kink. In section (4) we focus on Hamiltonian for unstable D-brane and study canonical equations of motion at the tachyon vacuum.
Non-Relativistic Unstable Dp-brane
In this section we derive unstable Dp-brane in torsional NC background through double dimensional reduction along null direction. We start with the relativistic unstable D(p+1)brane whose action has the form [25, 26, 27] 
where T is tachyon, V (T ) is tachyon potential that is even function with the property that V (T min ) = 0 for T min = ±∞ and V (T max ) = 1. Further, φ ′ , G M N , B M N , M, N = 0, 1, . . . , 9 are background dilaton, metric and NSNS two form field, respectively. We parameterize the world volume of D(p+1)-brane with coordinates ξ α , α = 0, 1, . . . , p + 1. The remaining world-volume fields are x M (ξ) that parameterize an embedding of D(p+1)-brane in target spacetime and gauge field A α with the field strength
Let us consider this D(p+1)-brane in the background with null isometry where the line element has the form [12, 16, 20] 
2)
where det h µν = 0 and where the background possesses an isometry u → u + ǫ, ǫ = const. Now we presume that D(p+1)-brane is extended along u−direction so that we can partially fix the gauge
and we further presume that all world-volume fields do not depend on ξ p+1 . Letα,β denote remaining world-volume coordinatesα = 0, 1, . . . , p. Then the matrixÃ αβ has the form
4)
whereÂαβ has the formÂαβ
LetÂαβ is an inverse matrix toÂα β so that
Then it is easy to find an action for non-relativistic unstable Dp-brane in torsional NC background in the form
where we finally definedT p and e −φ through the relatioñ
Since the action described unstable Dp-brane the natural question is to analyze solutions of the equations of motion that follow from (2.7) and that correspond to some stable configurations. Such a solution is known as tachyon kink and we will study its properties in the next section.
Tachyon Kink Solution
We would like to study equations of motion for non-relativistic unstable Dp-brane in torsional NC background that can be derived from (2.7). The variation of the action (2.7) with respect to η gives equation of motion for η
Further, variation of (2.7) with respect to T gives
Further, equation of motion with respect to Aα take the form
where we defined symmetric and anti-symmetric combination of matrix as
Finally we determine equation of motion for x µ in the form
Let us now study tachyon condensation on this D-brane following analysis presented in [28] . We select one world-volume coordinate ξ p = y and label remaining ones with ξᾱ,ᾱ,β = 0, . . . , p − 1. Let us now presume tachyon kink solution in the form
where f (u) satisfies following conditions
We further presume that all remaining fields depend on ξᾱ only so that
x µ (y, ξᾱ) = x µ (ξᾱ) , A y = 0 , Aᾱ(y, ξᾱ) = aᾱ(ξᾱ) , η(y, ξᾱ) = η(ξᾱ) (3.8) so that the matrixÂαβ has the form
Then it is easy to see that the inverse matrixÂαβ has the form
where aᾱβ is matrix inverse to aᾱβ. To proceed further we observe that for the ansatz given in (3.8) 
and also ∂αTÂαβ S = 0 , ∂αTÂα y S = 1 af ′ .
(3.13)
Inserting these results into (3.1) we obtain that it has the form
using the fact that which is precisely the equations of motion for non-relativistic D(p-1)-brane. To see this in more detail let us consider an action for non-relativistic D(p-1)-brane that has the form [22] 
From this action we get following equations of motion
Further, equations of motion with respect to aᾱ take the form
(3.20)
Finally we determine equation of motion for x µ
(3.21)
Let us now return to the equations of motion for unstable D-brane. Inserting (3.8) into (3.2) we obtain that is zero when we take (3.15) into account. This fact implies that t(ξ) is not determined by equations of motion which is a reflection of the fact that t(ξ) determines location of the kink on the world-volume of Dp-brane. On the other hand all positions of the kink on the world-volume of Dp-brane are equivalent and hence t(ξ) should be considered as parameter of diffeomorphism transformation rather then dynamical variable. Let us further consider equation of motion for Aᾱ that for an ansatz (3.8) takes the form
where we used (3.15) . We see that this equation is obeyed at the point y = t(ξ) on condition that the expression in the bracket is zero. Comparing this requirement with (3.20) we see that this is equation of motion for aᾱ. In case of the equation of motion for A x we find that it is again obeyed on condition that (3.20) holds. This follows from the fact that
Finally we consider equation of motion for x µ . Following the same manipulation and using (3.15) we find that they hold at the point y = t(ξ) on condition that the equations (3.21) are obeyed.
In other words, we have shown that the tachyon kink solution on non-relativistic non-BPS Dp-brane in torsional NC background can be identified as stable non-relativistic D(p-1)-brane. This is similar situation as in case of relativistic non-BPS Dp-brane and tachyon kink solution.
Hamiltonian for unstable Non-Relativistic Dp-brane
In this section we derive Hamiltonian for unstable Dp-brane in torsional NC background and study tachyon vacuum solution, generalization of the analysis presented in [22] to the case of unstable Dp-branes. We start with the well known Hamiltonian for relativistic unstable D(p+1)-brane that has the form Now we consider this unstable D(p+1)-brane in the null background given in (2.2) and presume that it is extended along u−direction so that
and all fields do not depend on ξ p . Letî,ĵ = 1, . . . , p denote remaining spatial coordinates. Further we presume that components of NSNS two form are zero. We can also interpret (4.2) as the gauge fixing constraint that together with H u are two second class constraints that can be explicitly solved so that
Then, following [22] , we identify A u with η and conjugate momentum π u with p η as
As a result we obtain Hamiltonian and spatial diffeomorphism constraints for unstable non-relativistic Dp-brane in the form and where we performed rescaling as in [22] . Alternatively, we could also derive (4.5) from (2.7) through Legendre transformation but it is clear that these two procedures are equivalent.
As the next step we determine canonical equations of motion. Since
while equations of motion for T and p T have the form
Further, the equations of motion for x µ and p µ have the form
Finally we determine equations of motion for Aî and πî We see that these equations of motion are very complicated. On the other hand we will be interested in the tachyon vacuum solution T = T min , p T = 0 that correspond to V (T min ) = 0 , dV dT (T min ) = 0. Further, ∂îV (T min ) = dV dT (T min )∂îT = 0 since we have tachyon vacuum solution everywhere on the world-volume on non-relativistic unstable Dp-brane. In this case the equation of motion simplify considerably
and
(4.12)
Finally the equations of motion for Aî and πî have the form With he help of this projector we can split Nî into two components as
where Nî Thij πĵ = 0 . Using string Hamiltonian (4.25) we obtain following equations of motion for non-relativistic string in torsional NC background in the form We see that these equations coincide with (4.23) and (4.24) and hence we can interpret the tachyon vacuum solution as a state with the gas of fundamental non-relativistic strings. More precisely, the equations of motion (4.23) and (4.24) contain derivative with respect to σ while generally fields defined on the world-volume of unstable Dp-brane depend on transverse coordinates (transverse with respect to σ) as well. In other words all solutions of (4.23) and (4.24) can be multiplied by function that depend on transverse coordinates and that can be interpreted as density of the fundamental non-relativistic strings as in [29, 30] . We mean that this is again nice consistency check of the proposed non-relativistic unstable Dp-brane so that it can be considered as important part of non-relativistic string theory in torsional NC background.
